Let (R, m) be a commutative Noetherian local ring of dimension d and I an ideal of R. We show that the set of associated primes of the local cohomology module H 2 I (R) is finite whenever R is regular. Also, it is shown that if 
Introduction
An important problem in commutative algebra is determining when the set of associated primes of the ith local cohomology module H i I (R) of R with support in an ideal I is finite. This question was raised by Huneke in [6] at the Sundance Conference in 1990, and will be our main focus here. A. Singh [17] and M. Katzman [12] have given counterexamples to this conjecture. However, it is known that this conjecture is true in many situations. The first result were obtained by Huneke and Sharp. In fact, Huneke and Sharp [8] (in the case of positive characteristic) have shown that if R is a regular local ring containing a field then H i I (R) has only finitely many associated primes for all i 0. Subsequently, G. Lyubeznik in [9] and [10] showed this result for unramified regular local rings of mixed characteristic and in characteristic zero. Other positive answer to this question include results in small dimension due to T. Marley in [13] .
On the other hand, Lyubeznik conjectured that, if R is a regular ring and a an ideal of R, then the local cohomology modules H i I (R) have finitely many associated prime ideals for all i 0, (see [9, Remark 3.7 
(iii)]).
For a survey of recent developments on finiteness properties of local cohomology modules, see Lyubeznik's interesting paper [11] .
One of the aim of this paper is to provide a partial answer to Lyubeznik's conjecture. Namely, we established the finiteness of the set of associated primes of local cohomology module H 2 I (R) for any ideal I in a regular local ring R.
Let (R, m) be a local (Noetherian) ring and let E : 
Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity and I will be an ideal of R. For any R-module M, the ith local cohomology module of M with support in I is defined by
We refer the reader to [3] or [1] for the basic properties of local cohomology.
For any R-module L, the set of minimal elements of Ass
) is a local ring, then m-adic completion of R is denoted byR. By an analytically irreducible local ring, we mean a Noetherian local ring such thatR is a domain. Finally, for any ideal a of R, we denote {p ∈ Spec R: p ⊇ a} by V (a).
Associated primes of local cohomology modules
Let (R, m) be a local (Noetherian) ring. The purpose of this section is to establish some results on the finiteness of associated primes of local cohomology module H 2 I (R). The main result of this section is Theorem 2.4, which provides a partial answer to the conjecture of Lyubeznik in [9] . The following proposition plays a key role in the proof of that theorem.
, we can assume that R is complete. Then in view of Cohen's structure theorem (see [14, Theorem 29.4] ) there is a complete Gorenstein local ring A of dimension d and a surjective ring homomorphism ψ : A → R. Let J = Ker ψ, then we can assume that
, and so grade L 2. Therefore the set Ass A H 2 L (A) is finite. Next, let q be a prime ideal of A such that J ⊆ q and p = q/J . Then dim A/q = dim R/p = d, and so q ∈ Ass A A. Consequently, there exists a finitely generated A-module T such that the sequence
of A-modules is exact. Hence, we obtain the following exact sequence, Then, since R is a UFD, it follows from [14, Ex. 20.3] that J is a principal ideal. Hence if Y = ∅ then √ I = J , and so H 2 I (R) = 0. Therefore we may assume that Y = ∅. Then height K 2, and so grade K 2. Consequently the set Ass R H 2 K (R) is finite. We claim that height(J + K) 3. For do this, suppose there exists a prime ideal q of R such that J + K ⊆ q and height q = 2. Then there exist p 1 ∈ X and p 2 ∈ Y such that p 1 + p 2 ⊆ q. As height p 2 2, it follows that q = p 2 , and so p 1 ⊂ p 2 , a contradiction.
As the set Ass
Since height(J + K) 3 and R is regular, we have
and so the set Ass R H 3 J +K (R) is finite. Thus since 
Matlis dual of local cohomology modules
Let (R, m) be a local Noetherian ring of dimension d, and let x 1 , . . . , x d be a system of parameters for R. In this section we shall study the associated primes of the modules D (H i  (x 1 ,. ..,x i ) (R)). Before proving our main theorem in this section we need the following key lemma. The following proposition will serve to shorten the proof of the next theorem. 
then the set 
Proof. Let i < d and let
S := {p ∈ Spec R | the images of x 1 , . . . , x i in R/p is a system of parameters for R/p}.
In view of Proposition 3.4, it is enough to show that
To do this, let p ∈ S, then we have
Therefore, according to Grothendieck's Vanishing Theorem for every q ∈ V (p) with q = p we have
Furthermore, we have (R) ). This proves the claim. 2
The final result provides another counterexample of Grothendieck's conjecture (see [4, Exposé XIII, Conjecture 1.1]). For this, we shall use the following lemma in the proof of that result. Recall that an R-module M is said to be a-cofinite if M has support in V (a) and Ext i R (R/a, M) is finitely generated R-module for each i (see [5] ). Now, suppose that Hom R (R/I, H
